
Assignment 3 Due: Nov 27 CAS705 Fall 2013

Problem 1. For each of the following problems state whether or not it has a polynomial

time algorithm, and justify your answer. You should assume that P 6= NP.

1. Instance: Set {C1, . . . , Cm} of clauses; Problem: Compute the number of truth assign-

ments which satisfy the set.

Solution: Not in P: Sat reduces to this problem trivially: a set of clauses is satisfiable

iff it has at least one satisfying assignment.

2. Instance: Undirected graph G = (V,E) and distinct nodes u, v ∈ V ; Problem: Find a

shortest path between u and v, or return “No” if no such path exists.

Solution: In P: there are several classical algorithms that solve this problem in polyno-

mial time: Dijkstra’s greedy algorithm, and Bellman-Ford’s or Floyd-Warshall dynamic

programming algorithms.

3. Instance: Undirected graph G = (V,E); Problem: Find a smallest cycle in G, or return

“No” if there is no cycle in G.

Solution: In P: here is the algorithm: for each edge e, delete the edge, and find

the shortest path between its end-points, as in the previous problem. If there is no

such path, then there is no cycle containing that edge. Otherwise, the smallest cycle

containing that edge has size equal to the length of the shortest path plus one. Replace

the edge before continuing the test for other edges. In the end, pick the result that is

shortest for all the tests.

4. Instance: Undirected graph G = (V,E); Problem: Find a larges simple cycle in G, or

return “No” if there is no cycle in G. Note that a simple cycle has no repeated nodes.

Solution: Not in P: The graph has a Hamiltonian Cycle iff it has a cycle of size n = |V |,
and the Hamiltonian Cycle problem is NP-complete.

5. Instance: Connected undirected graph G with positive integer edge weights; Problem:

Find a maximum cost spanning tree for G.

Solution: In P: Apply Kruskal’s greedy algorithm, but sort the edges initially in non-

increasing order of costs. Note that the standard problem for Kruskal’s algorithm is

a minimum-cost spanning tree; but, the solution to the minimum-cost version can be

adapted by sorting the edges starting with most expensive.

6. Instance: Positive integers d,w1, . . . , wd presented in unary notation; Question: Is there

a set S ⊆ [d] such that
∑

i∈S wi =
∑

i 6∈S wi?

Solution: In P: Note that this problem is NP-complete when the weights are given in

binary. But when they are given in unary, then we can solve it as follows. First note

that the knapsack problem, when given in unary, is in P. To see that, note that the
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classical dynamic programming solution to the knapsack problem builds a table of size

d× C, and then fills it out in time proportional to the size. If C is given in unary, this

is polytime in size of the input. We can adapt this solution to a polytime algorithm for

unary subset sum, but letting C be exactly the sum of all the weights divided by 2.

7. Instance: URIM program P ; Question: Does P compute the function f(x) = x2?

Solution: Not in P: in fact, not even recursive. Use Rice’s theorem to show this.

8. Instance: A set of clauses such that each clause has exactly 4 literals; Question: Is there

a truth assignment that satisfies all the given clauses?

Solution: Not in P: it is NP-complete by a reduction from 3Sat, which takes {l1, l2, l3}
and maps it to the two clauses: {l1, l2, l3, p}, {l1, l2, l3, p̄}.

9. Instance: An undirected graph G = (V,E) such that every node v ∈ V has degree 2

(every node is touched by two edges); Question: Does G have a Hamiltonian cycle?

Solution: In P: start at any node, and leave at any one of its edges; continue by leaving

each node by the other edge than the one you just arrived through. Accept if come back

to the first node.

10. Instance: A positive integer N presented in binary; Question: is there an integer k such

that N = k5?

Solution: In P: Use binary search to find a k such that k5 = N .

Problem 2. Prove that the following problems are NP-complete. You may use any of the

NP-complete problems in the Appendix in the textbook (chapter 16, section 1).

1. Instance: Undirected graph G = (V,E), and a positive even integer B; Question: Does

G have a vertex cover of size B?

Solution: First, it is in NP, because we can guess a V ′ ⊂ V , and check that |V ′| = B,

and that V ′ is a vertex cover (i.e., every e ∈ E has at least one end-point in V ′). The

checking can be done in polytime. To show hardness, we show that VC ≤m
L EVC. Given

an instance ((V,E), B) of VC, we construct an instance ((W,F ), C) of EVC (Even VC)

as follows: if B is even, the let W = V, F = E,C = B. If B is odd, let W = V ∪ {u, v},
where u, v are new vertices, and F = E ∪ {(u, v)} and C = B + 1. The correctness of

the reduction has to be given, but it is easy to see, and it will be omitted here.

2. Instance: {d,w1, . . . , wd} where all the numbers are natural numbers presented in bi-

nary; Question: is there a subset S ⊆ [d] such that
∑

i∈S wi = 2
∑

j 6∈S wj?

Solution: First, it is in NP, because given an instance, we guess S ⊆ [d] and check

that
∑

i∈S wi = 2
∑

j 6∈S wj . We show hardness with the reduction PARTITION ≤m
L

2PARTITION. Here is the reduction: if W =
∑

iwi is odd, then map the instance to a

fixed ’no’ instance of 2PARTITION. Otherwise, if W is even, let d′ = d+ 2 and w′
i = wi
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for i ∈ [d] and w′
d+1 = 5

2W and w′
d+2 = W . Now for the proof of correctness: (⇒) if S

is a solution to PARTITION, let S′ = S ∪ {d + 1}, and

∑
i∈S′

w′
i =

1

2
W +

5

2
W = 3W = 2


∑
j 6∈S

wi︸ ︷︷ ︸
1
2
W

+W

 = 2
∑
j 6∈S′

w′
j .

On the other hand, (⇐) if S′ is a solution to 2PARTITION, then
∑

i∈S = 3W , so

d + 1 ∈ S′, but d + 2 6∈ S′. Let S = S′ − {d + 1}, then
∑

i∈S wi = 3W = 5
2W = 1

2W .
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