
CS2MJ3 Test 5 Fall 2011

Name Student No.

No aids allowed. Answer all questions on test paper. Use backs of sheets for scratch work.

Total Marks: 60

1. A triangle in an undirected graph is a 3-clique. Show that the following language:[20]

Triangle = {〈G〉 : G contains a triangle }

is in P.

Solution: It is in P because it can be decided by a polytime algorithm (and hence,

a polytime Turing machine). Our algorithm, on input 〈G〉 examines all the triples of

nodes—if n = |V |, i.e., n is the number of vertices, then there are
n(n− 1)(n− 2)

3 · 2 · 1
many

such triples, i.e., O(n3). For each such triple, check if all three edges are connected, i.e.,

they form a triangle. As soon as a triangle is found, accept. If at the end no triangle

has been found, reject. The algorithm takes O(n3) many steps, and so it is polytime.
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2. Suppose that L ∈ NP. Show that in that case L∗ ∈ NP as well.[20]

In other words, show that NP is closed under the star operator.

Solution: Suppose that N is a polytime non-deterministic Turing machine for L. We

design N ′, also a polytime non-deterministic TM, for L∗, as follows: on input w, it

non-deterministically divides w into k portions w1w2 . . . wk. Then, in sequence, it runs

N on each portion; if N(wi) rejects, N ′ rejects; if N(wi) accepts, N ′ then simulates

N(wi+1), unless i = k, in which case if N accepts so does N ′.
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3. Consider the following language that we saw in class:[20]

Path = {〈G, s, t〉 : G is a directed graph with a path from s to t }

Justify the following assertion:

Path is not NP-complete.

Solution: Although we cannot prove it, the working assumption of Computer Science

is that P 6= NP. So we use this assumption to justify that Path is not NP-complete as

follows: first, Path has a polytime algorithm (described in class: mark s, then examine

all marked nodes x, and if (x, y) is an edge, and y is not already marked, mark it. Stop

marking when no new nodes are added). If a polytime language is NP-complete that

means that P = NP, contradicting our assumption.
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