
CS2MJ3 Test 6 Fall 2011

Name Student No.

No aids allowed. Answer all questions on test paper. Use backs of sheets for scratch work.

Total Marks: 60

1. Define what it means for a Boolean formula to be in 3CNF (i.e., “3-Conjunctive-Normal-[10]

Form”).

Solution: A literal l is a variable, x, or its negation, x̄. A clause, C, is a disjunction of

literals, (l1∨l2∨. . .∨lk). A formula in 3CNF is a conjunction of clauses, C1∧C2∧. . .∧Cn,

where each clause has exactly 3 literals (not necessarily distinct!).
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2. Given a formula φ in 3CNF, let an NAE-assignment be a truth value assignment to the

variables of φ such that each clause of φ has at least one true literal, and at least one

false literal1. For example, t given by x1 = 0, x2 = 1, x3 = 1 is an NAE-assignment for

the clause (x̄1 ∨ x̄2 ∨ x3).

(a) If t is a truth value assignment, then t̄ is the negation of t, i.e., t(x) = ¬t̄(x). For[10]

example, if t is given by x1 = 0, x2 = 1, x3 = 1, then t̄ is given by x1 = 1, x2 =

0, x3 = 0.

Show that if t is a NAE-assignment for φ, then so is t̄.

Solution: If t is a NAE-assignment for a clause C = (l1 ∨ l2 ∨ l3), then t(li) = 1

and t(lj) = 0 for some i, j ∈ [3], such that i 6= j. Then t̄(li) = 0 and t̄(lj) = 1, and

so if t makes some literal true and some literal false in C, then so does t̄.

1NAE stands for “Not All Equal.”
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(b) Let NAE3Sat be the language of 3CNF formulas with an NAE-assignment. We[20]

show that 3Sat ≤p NAE3Sat.

The reduction takes each clause Ci = (l1 ∨ l2 ∨ l3) and replaces it with:

(l1 ∨ l2 ∨ zi) ∧ (z̄i ∨ l3 ∨ b)

where zi is a new variable for clause Ci, and variable b is a single new variable for

all clauses.

Your task is to show that this reduction is correct.

Solution: We have to show that there exists a truth value assignment t that

satisfies the 3CNF formula if and only if there exists an NAE-assignment t′ that

satisfies the new 3CNF formula.

(⇒) Suppose that t satisfies the 3CNF formula. Then for every clause Ci it satisfies

at least one of {l1, l2, l3}. Let t′(b) = 0, and furthermore, if t satisfies l1 ∨ l2, then

let t′ be the same as t, and in addition, t′(zi) = 0; if t satisfies l3 (and not l1 ∨ l2)
then let t′(zi) = 1. Then t′ is an NAE-assignment for the two new clauses.

(⇐) If t′ is a NAE-assignment for the two new clauses, then let t be the same

as t′ on the li’s. Suppose first that t′(b) = 0. If t′ satisfies l1 ∨ l2 then we are

done; otherwise, t′, as it is an NAE-assignment, is such that t′(zi) = 1, and since

it satisfies (z̄i ∨ l3 ∨ b) it must satisfy l3 and we are done. On the other hand,

if t′(b) = 1, then we repeat the argument with t̄′ which by part (a) is also an

NAE-assignment.
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(c) Why is NAE3Sat NP-complete?[20]

Solution: First, NAE3Sat is in NP because is has a polytime verifier V which

on input 〈φ, t〉 checks whether t is an NAE-assignment for φ. Also, by part (b),

3Sat is polytime reducible to NAE3Sat.
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